The time-optimal control of exible structures is considered. We formulate the general time-optimal control problem for single-axis exible structures, and analytical results are given for the number of control switches for the one-bending-mode case, with and without damping. When there is no damping, it is shown that the time optimal control generally has 3 switches and is an odd function of time about the second switch except in certain isolated cases where there is only 1 switch. With damping, it is shown that there is always more than 1 switch. A numerical method is presented for solving the time-optimal control for general linear systems, and solutions are presented for exible structures with several exible modes, revealing interesting trends of the time-optimal control switch times as the maneuver sizes and the frequencies and damping ratios of the exible modes are varied.
Introduction
In many applications, such as manipulators, disk-drive heads, or pointing systems, sophisticated control algorithms are required to make optimal use of the maximum torque available for rapid maneuvers 1, 6, 19, 22] . In recent years, for speed and fuel-e ciency purposes, bulky rigid structures have rapidly been replaced by lightweight exible structures 5, 10] . The requirement of time minimization results in a bang-bang control which can be implemented in many applications using current on-o actuation technology. Solving for the time-optimal control for exible structures, however, has posed a challenging problem. The time-optimal control for general maneuvers and general exible structures is still an open problem. Solving for the time-optimal control for rest-to-rest slewing maneuvers of exible structures has been an active area of research, but only limited solutions have been obtained for undamped exible structures 2, 3, 13, 19] .
In this paper, we present results on the characteristics of the time-optimal control of undamped and damped exible structures. For the one-bending-mode case without damping, we show that the number of switches in the time-optimal control is usually 3 except in isolated cases where there is only 1 switch. Since all real systems have some damping, we also address the problem of time-optimal control of exible structures with damping. When there is damping in the one-bending-mode case, the number of switches is proven to always be greater than one.
Since the time-optimal control of multi-modal models of exible structures is di cult to solve analytically, we outline a numerical technique for solving the open-loop time-optimal controls for general linear systems. We then present results of using this numerical method for solving the time-optimal controls of exible structures with various modal frequencies and damping ratios, verifying properties derived analytically as well as revealing several additional characteristics. Finally, we also discuss the errors that result when the damping is ignored in the design of the time-optimal control. The paper is organized as follows. In section 2, we formulate the problem of time-optimal control of exible structures. In section 3, we present analytical results outlining some of the properties of the time-optimal control switch times for the one-bending-mode case, with and without damping. A numerical method for solving open-loop time-optimal controls for general linear systems is outlined in section 4, and numerical results and simulations demonstrating some interesting characteristics of the time-optimal control solutions for exible structures are presented. Finally, concluding remarks are given in section 5.
2 Problem Formulation
A single-input model of a exible structure with damping is: _ x(t) = Ax(t) + bu(t); (1) where A = blockdiag A0;A1; ; 
In the remainder of this section, we only consider A0 representing a pure rigid body as in (2), but numerical results for both (2) and (3) will be presented in section 4.1.
We consider the rest-to-rest time-optimal control problem, where the objective is to choose the scalar control function, u(t), satisfying ju(t)j U0 (4) so that the motion is transferred from the initial state x(0) = (?L; 0; 0; : : : 0; 0) T ; (5) to the nal state x(tf) = 0; (6) where the total time tf is minimum.
Since the system is linear, marginally stable, controllable, and`normal ' 9, 11, 17] , existence and uniqueness of the optimal solution are guaranteed. The time-optimal control is bang-bang with a nite number of switches. Pontryagin's maximum principle gives the following su cient and necessary conditions for the optimal control, which are denoted by ( 
The boundary conditions (5)- (6) 
and k is the number of switches in the time-optimal control. Condition (7) implies that p(t) = e ?A T t p(0): (19) The switching function of (8) satis es p T (t)b = 0 at the switch times t1; t2; : : : tk: (20) Computing the matrix exponential in (19) 
Equations (13)- (16) and (21) represent a system of (2n + 2) + (k + 1) nonlinear algebraic equations in (2n + 2) + (k + 1) unknowns which are:
the k switching times ti; i = 1; 2; : : : ; k, the maneuver time, tf, and the initial conditions of the costates, pi(0), qi(0), i = 0; 1; : : : ; n.
Since (13)- (16) and (21) have been derived from (1)- (2) and (4)-(9), they are necessary conditions for optimality. In addition (13)- (16) and ( Solving (13)- (16) and (21) analytically for the time-optimal controls for general exible structures is a formidable task.
In the next section, we present analytical results for the onebending-mode case (n = 1); and, in section 4, we outline a numerical method and solve for the time-optimal control for exible structures with multiple exible modes, and we observe several general characteristics of the behavior of the time-optimal control of exible structures.
Analytical Results
In this section, we prove some analytical results for the characteristics of the time-optimal control of the exible system of (1) where A0 and b0 are given by (2) . The minimum time problem for a rigid body and n exible modes with no damping has been addressed in several technical papers 2, 3, 19].
In 19], the structure of the control is shown to have an odd number of switches and to be an odd function of time about the middle switch. However, no statement is made on how many switches is optimal. In 2, 19], statements are made that \in most cases" the optimal control for a rigid body and n bending modes has 2n + 1 switches. In section 3.1, we prove that when n = 1, there are never more than 3 switches in the time-optimal control.
Since there is always some damping in real exible structures, the case with damping is addressed in section 3.2. The equations for this case are much more complex than the case for no damping. We show that in the one-bending-mode case, there is always more than one switch in the time-optimal control.
Case with No Damping
The following two results were proven in 19] for = 0.
1. The optimal control is an odd function of time about the middle switch:
u (t) = ?u (?t + t f ); t 0; t f =2]: (26) 2. The optimal costate vector (11) is such that at midmaneuver:
These properties are used to prove the following theorem.
Theorem 1. The time-optimal control for rest-to-rest maneuvers for the system (1)-(2) with one exible mode (n = 1) with no damping ( = 0) is bang-bang with at most three reversals.
Proof: The result follows if (7)- (9) 
The property of (27) suggests that we rewrite (21) using (24) in (20) with tp = tf=2 to require the switching function to vanish at the switching times and to satisfy (9) . This gives p0(tf=2) tf=2 + b1p1(tf=2) sin(!tf=2) = ?1=U0 (30) p0(tf=2) ta + b1p1(tf=2) sin(!ta) = 0;
where b1 = b1=!. Equations (28) (1)- (2) and (4)- (6) has one switch and is equivalent to the rigid body solution. Otherwise, the time-optimal solution has three switches. 2
A plot of the absolute optimal reversal and slewing times as a function of step size is shown in Figure 1 for ! = 1. For a constant step size L and constant actuator limit U0, the optimal slewing time tf generally decreases as ! increases; however, it does not decrease monotonically.
Case with Damping
When there is damping in the exible mode of the structure, the control is no longer an odd function about the mid-time point, and solving for the time optimal control is far more complex than for the case without damping. Here we establish a lower bound on the number of switches for the onebending-mode case. While the time-optimal control of an undamped one-bending-mode model of a exible structure has only one switch for certain size maneuvers, the timeoptimal control for damped exible structures never has only one switch.
Theorem 2. The time-optimal control for rest-to-rest maneuvers for the system (1)-(2) with one exible mode (n = 1) with damping ( > 0) is bang-bang with more than one switch.
Proof: We will break the proof into three parts: where there is only one switch in the no damping case. In these regions, there are always 3 switches; however, two of them are so close together that for all practical purposes, the control can be considered to have only one switch. A study of how the optimal maneuver time varies with damping shows that it increases as damping increases 14].
Numerical Method
In this section, we review the numerical method of 15] for solving the open-loop time-optimal controls for given maneuvers for general linear systems. The method formulates the problem as a set of constrained least squares problems and uses a standard linear least squares program for numerically solving the problem.
For a continuous-time system (1) and (4), the discrete-time model (using a zero-order hold) is xk+1 = xk + ?uk; 
Characteristics of the Time-Optimal Control
Using the numerical technique described above, we solved for the time-optimal controls for the systems of (1) Figure 3 shows the results for A0
given by (2) for a pure rigid body, and Figure 4 shows the results for A0 given by (3) modeling the rigid body mode with an actuator time constant = 1. In these gures, the position response curves were obtained by simulating the system of (1) The time-optimal position and control histories for a step maneuver for a rigid body with 3 exible modes (upper two plots: ! 1 = 100, ! 2 = 50, ! 3 = 25) and for a rigid body with no exible modes (bottom plot).
plots), however, the extra switches occur well before the end of the maneuver, near the intermediate switches.
From solving the time-optimal controls for numerous cases, we found that for larger damping ratios ( i > :25), the`extra'
control switches occur at the end of the maneuver whereas for lightly damped systems ( i < :1), the additional switches occur well before the end of the maneuver. This behavior is similar to that observed in section 3 for a one-bending-mode model of a exible structure. We also found that each additional exible mode usually causes two additional switches in the time-optimal control, resembling similar observations in section 3 and 19] . However, as seen in the next gure, this is not always the case. For the one-bending-mode case, numerical studies also show that for 0:2 that tf ? t3 and t3 ? t2 become constants for large values of L=U0 (see Figure 6 ). If >> 1 (where the system is no longer a exible structure), tf ? t3 approaches the constant 0 regardless of step size 1 (see Figure 7) ; that is, the time-optimal control essentially only has two switches for large zeta.
These numerical studies verify the analytical results of section 3 and further reveal additional properties of the timeoptimal control switch times for exible structures. Although analytical solutions are extremely di cult to obtain for multi-modal models of exible structures, numerically solving for the time-optimal controls has proven to be relatively easy. Further, since it appears the switch times have certain properties and are fairly well behaved, numerical solutions for a sparse range of frequencies and damping ratios can give good insights into the behavior of the time-optimal controls over wider ranges of frequencies and damping values.
Given these properties, we can develop control schemes that are independent of maneuver size. An area of future work is that of investigating a feedforward/feedback method that consists of constructing a switching curve based on the rigid body mode and then superposing a feedforward command consisting of the \additional" switches. converge to constants as L=U 0 increases.
systems, the \additional" switches would be injected near the end of the maneuver when the rigid body position becomes close to the desired position. The feedback position error would be used to determine when the feedforward control switches are applied. Similarly, for lightly damped systems, the additional switches would be applied based upon when the rigid body position becomes close to the switching curve. Medium damped systems would have additional switches both when the rigid body position is near the switching curve as well as near the desired position. It would also be of interest to determine whether other feedforward The results in Figure 8 show the residual errors that occur when the damping is ignored for a system consisting of a rigid body (A0 given by (2)) plus one damped exible mode, i.e. the time-optimal control applied is that for an undamped system. The frequency of the exible mode in all cases is !1 = 1, and c0 = c1 = 1 and d = 0. The upper plot shows the entire maneuver while the lower plot shows the errors after the control has been completed. We see that the larger the damping, the larger the initial error after the control is completed. However, the larger the damping, the faster the system naturally dampens out the error, while lightly damped systems will continue to oscillate for a much longer time. In general, as the ratios ci=c0 decrease and as the frequencies !i of the exible modes increase, the residual errors will decrease and ignoring the damping in the modeling becomes less detrimental in the control performance; this is as expected since the e ect of the exible modes becomes less important under these circumstances. 
Conclusions
Flexible structures are becoming more and more prevalent in mechanical systems, and these structures inherently have some damping. It is generally very di cult to analytically solve for the time-optimal controls for slewing these exible structures, because the equations are extremely complex and intractable.
We have analytically demonstrated a few properties of the time-optimal control for a one-bending-mode model (with and without damping) of a exible structure. The timeoptimal control for rest-to-rest maneuvers of an undamped one-bending-mode model of a exible structure is bang-bang with at most 3 switches and is symmetric about the second switch. In isolated cases when the maneuver distance is a particular multiple of the inverse square of the exible modal frequency, there is only one switch. For the damped one-bending-mode case, we have proven that there is always more than one switch.
For general higher-order exible structures, we have used a numerical method to characterize the behavior of the timeoptimal control switch times. Several interesting properties of the time-optimal control have been revealed which are primarily dependent upon damping while being fairly independent of maneuver sizes. Future work includes (1) analytically verifying some of the trends observed from numerical results and (2) developing robust feedforward/feedback time-optimal controllers for exible structures by taking advantage of the characteristics of the time-optimal control observed.
